ABSTRACT Due to increasing environmental concerns regarding urban transit systems, the specific operating characteristics of metro trains and the rules of regenerative braking energy recycling were studied in this paper to relieve environmental stress. Based on the integrated research on trajectory and operation time, we considered complex operation routes mixed with ramps and detours, which also caused a complicated situation of overlap time, to better fit the actual and more efficient situation. A complex new model combined with a matrix control algorithm was proposed in this study. This model overcomes the lack of matching opportunity for overlap time as well as the precocity and instability of the genetic algorithm. In addition, the search ability of the model in the solution space is more comprehensive. In the interest of achieving minimum energy consumption, the objective function was set to minimize the total energy. Taking the Chongqing Metro Line 1 as a numerical example, the energy consumption results show that the energy saving method is effective and has a practical advantage. Then, a comparison of different models using the index of renewable utilization ratio as the indicator shows that the proposed model has a superior potential for energy conservation.
I. INTRODUCTION
With the rapid development of the world economy and technology, scientific research methods have been adopted worldwide [1] - [3] . In the fields of energy conservation and environmental protection, energy saving methods have become the focus of major scientific research. In the meantime, railway transportation, which is a key driver of economic growth, has been one of the most energy-consuming sectors in the national economy. Especially in recent years, the traction weight, driving speed and traffic density of trains have increased rapidly with the accelerating construction of urban rail transit, leading to continuous energy consumption. A solution to the reduction in energy consumption with
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regards to safety, comfort and punctuality of metro trains has become one of the urgent issues in urban rail transit systems.
Although the history of railway construction and operation spans nearly 200 years, optimal control theory only began in the 1960s [4] . In the earliest research, a train operation control method was proposed based on the single mass model, and the purpose of researchers was to find a minimum energy cost trajectory for a single train. At the beginning of optimal control theory, numerical methods were preferred and many derivations were simultaneously presented, which provided significant reference for further research. In recent years, the single train control strategy is not the only focus of train control. Increasing numbers of studies have also focused on the maximum usage of regenerative braking energy [5] - [7] , timetable planning [8] - [10] , delay management [11] , [12] and the balance of passenger time [13] , [14] with energy conservation. Most of the studies have shown an efficient result based on a specific case study.
In early research, Howlett described an optimal control strategy using equations with nonconstant gradients or small gradient conditions where the optimal sequence type can be composed using maximum power, coasting and maximum braking [15] . Considering the long distance between two stations, the cruising stage can be added before the coasting stage to satisfy the distance and time constraints. To determine the switching point between different stages in the continuous control problem, the Pontryagin principle and Kuhn-Tucker equations were used to optimize the switching time [16] .
Commonly, the coasting stage is suitable for the energy saving journey, which has sufficient time. Otherwise, the train speed needs to be controlled precisely to satisfy the required journey time. In contrast to the common strategies to obtain an energy-efficient trajectory, Lu et al. [17] established a distance-based trajectory-searching model to optimize the speed trajectory, and the concrete working conditions of trains were determined by the distance between stations. The input for the train traction system was the obtained speed level at each preset position rather than the parameters of complicated control. They found that the ant colony optimization algorithm was stable and fast to optimize the model compared with the genetic algorithm and dynamic programming. In later research, the three algorithms mentioned above were often adopted by researchers because of their fitness, robustness and efficiency [18] - [21] .
Through these years of study of train running, the train dynamic control was subject to various constraints in the real world such as speed limitations, track alignments, journey time, changes in train mass, and punctuality requirements. The intelligent algorithm is an efficient method to optimize these complex models that has been validated by researchers. Keskin and Karamancioglu [22] first considered the constraints listed above in a basic train running sequence that contains cruising and coasting phases. Subsequently, nature-inspired evolutionary search methods, genetic simulated annealing, firefly, and big bang-big crunch algorithms were employed in the study. Keskin compared those algorithms and pointed out their different efficiencies for energy saving, which provided a reference for relevant research in the energy-saving field.
The optimization of single train trajectory control has its limitations for energy saving. In a higher level of research, multiple train optimization of a train schedule was considered as a more efficient way to minimize energy consumption. For example, Yang et al. [10] proposed an integer-programming model solved by a genetic algorithm, which discussed the cooperative scheduling rules and defined the overlapping times for the first time. Tuyttens et al. [23] compared the mono-mode and the multi-mode control strategies with regard to global energy consumption. However, the firm relation between regenerative braking energy and total energy reduction was indistinct without a newly designed timetable.
Chevrier et al. [24] focused on the estimation of running time. The approach they proposed optimized the speed profiles, running time and energy consumption using a multi-objective evolutionary algorithm. To consider the operation problems as much as possible, the model complexity of the metro system was rapidly increased. A novel two-step linear optimization model was formulated by Gupta et al. [25] to solve the problem in a metro network rather than a metro line. The resultant timetable minimized the total energy consumed by all trains and maximized the utilization of regenerative energy produced by braking trains. The model is computationally more tractable, being a linear program, compared with NP-hard problems. All trains were subject to the constraints in the railway network and the designed model very quickly found the optimal timetable with thousands of active trains in a service day. However, the study mainly optimized the timetable as the final result, and the model was too complex to be applied in an existing metro network, which has its own limitations.
Multiple train control involves the time relationship between trains, and the timetable schedule interacts with the trajectory in the strategy of energy conservation. Although the researchers focused on the trajectory or timetable in their study to balance the model complexity, a combined approach of timetable and trajectory is more realistic compared with a separated one. Kim and Chien [26] proposed an optimization method to minimize the total energy consumption that considered track alignment, speed limits and schedule adherence. They tried to save energy not only on the layer of train trajectory control but also on the layer of the train schedule. A simulated annealing algorithm was developed to search the optimal operation. Zhao et al. [27] minimized the whole day substation energy consumption in a numerical case study based on Guangzhou Metro Line 7. A four-train movement modes trajectory was used as a typical running strategy and included the motoring mode, cruising mode, coasting mode and braking mode. They aimed to maximize the braking synchronized time and minimize the motoring synchronized time, which achieved the maximization of regenerative braking energy usage and the minimization of total energy consumption. The optimal trajectory and timetable were obtained simultaneously by a brute force algorithm and lastly by a genetic algorithm. Wang and Goverde [28] adjusted the running time allocation using trajectory optimization. A singletrain trajectory optimization and a multiple train trajectory optimization were reformulated as a multiple phase optimal control problem. Finally, the timetable was updated and the multiple phase optimal control problem was solved by a pseudospectral method.
To the best of our knowledge, single train trajectory optimization is the basic layer in the field of train energy conservation. In the existing research, some of the timetable concerned optimal strategies have less consideration of a scheduling matched trajectory [29] , [30] , or the strategy of first simplifying the trajectory [27] , which reduces the potential opportunities for renewable utilization. This paper aims to gain the optimal trajectory under the complex route condition and considering the usage of regenerative braking energy and thus find a better way to solve the existing shortcomings. In addition, the time associated with train journey was recalculated based on the proposed model, which is the basis for timetable scheduling.
In this paper, a novel approach, matrix and differential control theory, was proposed. The matrix model is a performance form of train control parameters that shows the way for an optimal control strategy solution. We abstracted the train control into matrix control, and the parameters in the matrix model are manipulation operators. Then, the specific solution of optimal control strategy returns to the basic train operation laws. The differential control theory is based on practical train dynamics in order to transform the train control from a continuous mode to a discrete one. The integral was used for relevant calculations. Aiming at the energy saving optimal control strategy, and accounting for the regenerative braking energy utilization ratio and traffic scheduling information for the urban rail transit vehicle, the energy consumption model of the train energy-saving operation was established to explore an integrated energy saving control method. Finally, the data from Chongqing Metro Line 1 was used to simulate and validate the model efficiency. The results show that the novel approach for metro train optimum handling and schedule based on the discrete matrix method is effective.
The main contribution of this paper are given as follows. (1) A more complex train control trajectory based on the complicated routes condition was proposed in this paper. And a new renewable energy matching mode of multiple trains was established to provide more chances for energy conservation. ( 2) The matrix control model put all of the decision variables into matrices as a matrix form, which is superior than the single variable operation form in the calculating program. (3) A new algorithm, the matrix control algorithm, was designed to solve the proposed model in an efficient way. It has overcame the precocity and instability of genetic algorithm. Moreover, the algorithm is more intelligent and convenient than the numerical ones.
The rest of the paper is organized as follows. In Section II, the notation of math types is listed for querying. In Section III, the running speed curve model of trains is first built. Moreover, the energy consumption in each section based on train dynamics is given. Then, the matrix model and discrete time model are formulated. In Section IV, the overlap time is categorized into six types, and each type has several subtypes, as shown in Figure 4 . Based on these different conditions, the overlap time with the regenerative braking energy and total energy consumption can be calculated in steps. In Section V, we present a case study based on the data from the Chongqing Metro Line 1 of China. In the resulting analysis, although the performance indicators are various and complex from a system wide perspective [31] , [32] such as regenerative braking energy, traction losses, comfort functions, power management, travel time, CO 2 emissions, waste heat recovery, etc., the time related parameters and the energy consumption alongside the regenerative braking were efficient performance indicators based on the specific proposed model in this paper. Last but not least, a brief conclusion is given at the end.
II. NOTATION
The notation system includes the symbols, parameters and decision variables. The main purpose of this system is to help query the symbols in the formula. The interpretation of symbols may repeat in some places in this paper to achieve better understanding. Symbols
S k
The conversion point of working conditions in a station interval (one segment) k = (1, 2, 3 
Parameters

W
The total weight of the train, which contains both motor trains and trailer trains.
t S k
The arrival time at position
The energy in section
The initial acceleration of the starting resistance r 0 , r 0 = e (when the speed v < 2.5 km·h −1 , r 0 exists and equals a constant, e). t
The running time parameter.
F tr
The traction force in the cruising stage. v a 1 The train speed in section S 0 -S 1 . v a 2 The train speed in section S 4 -S 5 . v b 1 The optimal cruising operating speed in the 1 st stage. v b 2 The optimal cruising operating speed in the 2 nd stage.
The initial speed of section S 3 -S 4 . θ
The value of the ramp gradient. w r
The additional curve resistance.
R
The radius of curves.
L r
The length of curves.
L c
The total length of the train. v 4 The speed in position S 4 . 
The coefficients of train basic resistance. t i+1 Minimal time interval in section S 3 -S 4 , which contains complex route conditions (ramp, curve, or their combination). The overlap time in the s th station interval (type =1, 2,. . . , 6 and s = 1, 2, 3, . . . Z ). Z is the maximum number of station interval.
T q
The total time of the first stage.
T m
The total time of the second stage.
T k
The total travel time in the segment (0-S 9 ).
T type gap
The time interval of the initial time between regenerative brake and traction in Figure 4 . v type s
The initial speed of the overlap area. The terminal speed of the overlap area.
F B
The maximum braking force of the train motor. γ
The conversion coefficient of energy from kinetic to regenerative electricity. J type 3
The regenerative energy in a TBP that contains PD according to Table 1 The regenerative energy in a TBP that contains RD according to Table 1 (type = 2, 3, 4, 6).
R e
The regenerative energy before loss.
The total energy in the tested power supply section.
The lower limit of the departure interval.
The upper limit of the departure interval.
T s P−min
The lower limit of the station dwell time.
T s P−max
The upper limit of the station dwell time. S ori-min The minimum running distance between station intervals. S ori-max The maximum running distance between station intervals. T ori-min The minimum total running time. T ori-max The maximum total running time.
Decision variables a s qn
The traction acceleration of the first stage between station s and station s
where N is the maximum number of decomposing. 
III. MATRIX CONTROL MODEL BASED ON TRAIN TRAJECTORY RESEARCH
The metro train operation is generally composed of five stages between the stations: traction, cruising, coasting, regenerative braking and air braking. In this model, we considered the deceleration caused by curves, ramps or their combination only once. If there are several similar complex conditions in a long station interval, the running speed curve can be composed of some parts of this model. To simplify the train operation between stations, we can assume that all the trains have the same trajectory in the same segment. The running speed curve of trains is shown in Figure 1 .
Sections 0-S 1 , S 1 -S 2 ,. . . , S 8 -S 9 in Figure 1 divide the segment (0-S 9 ) into 9 sections based on the road conditions and operating constraints of the train. t s 1 , t s 2 ,. . . , t s 9 are the arrival times at positions S 1 , S 2 ,. . . , S 9 , respectively. S 3 -S 4 is the section of the curve and uphill deceleration as shown in Figure 1 , and S 3−4 is the junction point of the curve and uphill section. If the route condition contains the curve only or their combination (two road conditions overlap in one section) in section S 3 -S 4 , the inputs of corresponding parameters in the proposed model should be renewed, and the energy equation J 4 can be written in three parts for the different conditions.
The energy consumed by the resultant of force in each section can be calculated using train dynamics. The energy calculation equations without regenerative energy are shown in the following.
Section 0-S 1 :
Section S 1 -S 2 :
Section S 3 -S 4 :
Section S 4 -S 5 :
Section S 5 -S 6 :
Section S 6 -S 7 :
Section S 8 -S 9 :
The equations for regenerative braking energy in section S 2 -S 3 :
Wr(v y ) · v y t y+1 (8) and section S 7 -S 8 :
The basic resistance per unit mass can be expressed as
The additional curve resistance per unit mass is
t i+1 , t y+1 , t u+1 are the time variation: t i+1 = t i+1 − t i , t y+1 = t y+1 − t y , t u+1 = t u+1 − t u . The time variation is the reflection of integral thoughts, which transform the variable force work into a constant force work in a minimal time.
From Figure 1 , the train needs to carry out regenerative braking before running on curves when the train speed is higher than the maximum speed of the curves. The regenerative braking mode here can not only satisfy the restriction of the speed limit, but it can also increase the probability of regenerative energy usage. The total energy consumption of the train running in this section can be expressed by Q. The train energy consumption equation, which involves the acceleration, velocity and time is:
where J 1 -J 8 are the energy consumption in sections 0-S 1 , S 1 -S 2 ,. . . , S 7 -S 8 , respectively, η is the renewable energy conversion ratio, t is the train running time, a is the acceleration, and v is the velocity. To solve (12), we can establish the energy consumption matrix model by using the method of segmentation and isolation. Then, the energy consumption model of each stage can be analyzed and integrated. Concretely, the method is to isolate the running speed curve in Figure 1 . Section 0-S 4 is the first stage, and section S 4 -S 9 is the second stage. The matrix model was separated into two matrices because the two stages needed to be controlled separately. Each of the stages can include one or more epochs of traction, cruising, coasting and regenerative braking modes, and the operating modes of the two stages are similar. When the train takes a full traction/full brake strategy in both stages, the energy usage is efficient, and the consumption is minimal. However, those two modes in the strategy need to follow the law of the characteristic curve, which is constrained by real world conditions. The control sequence matrix model of the first stage between station s and station s + 1 can be expressed as: 
is the speed in section S 2 -S 3 , and the dot between the matrices is the computational symbol for free permutation and combination.
Similarly, the air brake acceleration of different trains is known. The control sequence matrix model of the second stage can be expressed as: is the optimal operating mode. The matrix model was based on the running speed curve model and the discrete time series model. When multiple trains are running in the same power supply section, the overlap of the traction mode and the regenerative braking mode has particular laws due to time. In the next section, the solutions of overlap time and energy consumption considering regenerative braking are given.
IV. MULTIPLE TRAIN CONTROL AND ENERGY CONSUMPTION ANALYSIS A. RESEARCH ON TRAIN REGENERATIVE BRAKING ENERGY AND OVERLAP TIME
Based on the train running characteristics, such as quick traction and braking, intelligent automatic driving (Automatic Train Operation, ATO), small curves and large ramps in running routes, short station intervals, etc., the train will consume large amounts of energy in the process of frequent acceleration and braking. In addition, the key to the regenerative braking energy reuse is that at least two trains must brake and accelerate in the same power supply section at the same time. The accelerating trains can absorb the regenerative energy generated by the braking trains. The regenerative braking energy recycling has two patterns: the mode where the front trains accelerate and the rear trains brake, or the mode where the front trains brake and the rear trains accelerate. Each of these modes is defined as a traction-brake pair (TBP). In addition, if multiple trains are accelerating with multiple trains braking at the same time, this can also be considered a TBP. When the complex operating routes mixed with ramps and detours are considered, the law of regenerative braking recycling can be more complex. A real-life power supply section usually contains at least two station intervals (i.e., includes three stations). Based on the definition of power supply section in the real world, the categories of regenerative braking recycling on routes mixed with ramps and detours are shown in Figure 3 .
In Figure 3 (a), train α was assumed to be first in a normal operating mode. Train β departs from the s th station later than train α. To maximize the TBP, the first traction can be matched with precurve deceleration as the first type. Then, according to the TBP maximization principle, the second type, fourth type, and the types in Figure 3 (b) can all be defined with the established speed curve shown in Figure 1 . The categories of traction and deceleration are shown in Figure 3(c) . The matching pairs of six types are shown in The areas of the overlaps in Figure 3(a) , (b) are also changed when the departure intervals, T, are different. From Figure 1 , the regenerative energy, J z , can be expressed as (15) . J 3 and J 8 are the regenerative energies in sections S 2 -S 3 and S 7 -S 8 , respectively. (15) From the summary of the above analysis, we know that the train regenerative braking energy can be expressed with the area of the dashed line-framed part in Figure 3(a), (b) , and the dashed line-framed areas can be calculated by the overlaps in time. The overlap time solution involves the time series shown in Figure 2 and the related timetable parameters including departure interval, dwell time, travel time, etc.
In the following equations, T is the train departure interval, (18) T q , T m , T k are shown in Figure 2 . The first type of overlap time can be expressed as (19) , as shown at the bottom of this page. Acceleration in section 0-S 1 with braking in S 2 -S 3 is a TBP. Both are in the s th station.
The second type of overlap time can be expressed as (20) , as shown at the bottom of this page. Acceleration in section S 4 -S 5 with braking in S 7 -S 8 is a TBP. Both are in the s th station.
The fourth type of overlap time can be expressed as (21) , as shown at the bottom of this page. Acceleration in section 0 − S 1 ((s + 1) th station) with braking in S 7 -S 8 (s th station) is a TBP.
In (19)- (21),
The third type of overlap time can be expressed as (22) , as shown at the bottom of this page. Acceleration in section 0-S 1 with braking in S 7 -S 8 is a TBP. Both of them are in the s th station.
The fifth type of overlap time can be expressed as (23) , as shown at the bottom of this page. Acceleration in section 0 − S 1 ((s + 1) th station) with the brake in S 2 -S 3 (s th station) is a TBP. The sixth type of overlap time can be expressed as (24) , as shown at the bottom of this page. Acceleration in section S 4 -S 5 ((s + 1) th station) with the brake in S 7 -S 8 (s th station) is a TBP.
In (22)- (24), s= [2, 4, 6, . . . , (Z-1)].
To distinguish between two types of overlapping time in the different station intervals, we assumed that s represents the odd station intervals in (19)- (21) . On the other hand, in (22) - (24), it represents the even station intervals.
When the ramps and detours or the composites are nonexistent in the train operating routes, the categories of regenerative braking recycling contain only the third and fourth types. At this time, the following parameters are equal to 0: t s Qn = 0, t s dn = 0, t s wn = 0, t s pn = 0, t s zn = 0.
B. REGENERATIVE BRAKING ENERGY OF OVERLAPPING AREA
According to (19) - (24), we can obtain the time of the dashed line framed area, which is also called the shadow part. Then, we can infer the regenerative braking energy utilization of different shadow parts. Before the calculation of regenerative braking energy, 4 types of overlap time in one TBP need to be classified. These are shown in Figure 4 .
In Figure 4 , T re is the regenerative braking time, T tr is the traction time, T type gap is the time interval of the initial time between regenerative brake and traction in Figure 4, is the terminal speed of the overlap area.
The regenerative braking mode was assumed to be unmoved in Figure 4 . The traction mode moved from left to right on the time axis to obtain the time overlap area. The initial overlap area (type x) consists of the former part in the regenerative braking mode and the latter part in the traction mode. The middle overlap area consists of the middle parts of two modes and can be categorized into two types by the comparison of times. If T re < T tr , the middle overlap area is displayed as type y in Figure 4 . In contrast, it can be displayed as type z in Figure 4 . The last overlap area (type {) consists of the latter part in the regenerative braking mode and the former part in the traction mode. In (19) - (24), the first three types can be expressed as one form because the overlap time is the only thing that needs to be known in those equations. However, when the steps arrive at the regenerative braking energy calculation, the speed and time need to be known exactly in the beginning of the regenerative braking mode as well as at the end of the regenerative braking mode. (24) According to Figure 2 and Figure 3 , T type gap can be expressed as (25) : 
The regenerative braking energy of the first type and fifth type can be expressed as:
The regenerative braking energy of the rest of the types can be expressed as: 
The renewable energy utilization ratio is η = R e /J z . Therefore, the train energy consumption in this section can be described as (32): (32) Considering that the tested power supply section has n station intervals, the energy consumption of the whole operating route can be expressed as (33) , as shown at the bottom of this page.
The purpose of the optimization model is to minimize the total energy consumption subject to operating constraints. The computational model can be expressed as (34):
The train constraints reflect the accuracy and punctuality of the train operation. In this paper, the total energy consumption of the train can be calculated by the matrix discrete model. The real matrix control model consisting of train control strategy and departure interval is shown in (35) , as shown at the bottom of the previous page, which simultaneously considers the single train running and multiple train control. where r is the minimal real number that can be adjusted according to the specific conditions and calculation accuracy. We assumed that the departure interval range is 90 s -300 s, which can be divided into many minimal time intervals by r.
D. THE STEPS OF MATRIX CONTROL ALGORITHM FOR PROGRAM CALCULATION
Genetic algorithms are popular, efficient and fast [33] - [35] but have some drawbacks. The search space and efficiency of the genetic algorithm depend on the number of the population, crossover probability, mutation probability and iteration, which makes each calculation have a different result. The genetic algorithm belongs to the random class of algorithms, and therefore the operation is unstable. Moreover, precocity is the biggest problem of genetic algorithms, which leads the result to more easily fall into a solution that is a local optimum. It is necessary to adjust the parameters that determine the search space and efficiency to make the algorithm achieve the global optimal solution. In most cases, the decision parameters are adjusted by experience and multiple calculations.
In the matrix control algorithm, the decision variables were dispersed to form a precision adjustable control matrix, which makes the basic search space more complete. Then, the mode of search is comprehensive instead of random. Not only was the stability of the algorithm improved but also it was easy to overcome the precocity.
To achieve the minimization of energy consumption and the maximization of regenerative energy usage, the matrix model needs to be encoded as a program to obtain the optimum results. The flow chart of the optimization is shown in Figure 5 .
The operational steps are shown as follows:
START
Step 1: The environmental parameters were input to simulate the metro operation status in the real world, which includes the original journey time, the distance of station interval, the route limitations, the weight of the train, and other essential parameters for train simulation. In addition, the data for the original energy consumption and original renewable energy usage were also input into the database for comparison.
Step 2: The control parameters in the matrix model were input. Real-number encoding was used to initialize the first stage acceleration, a qn , the first stage optimal speed, v bm , the second stage acceleration, a Qn , and the second stage optimal speed, v Bm . The speed, v wn , in section S 2 -S 3 and the regenerative braking speed, v Dn , are variable in their own sections depending on the regenerative braking force. We assumed that the minimum value of the control parameters was equal to 1/3 of their maximum value rather than zero to accelerate the calculation. The discrete interval was set to 0.01 (the interval depends on the calculation accuracy). For example, the coding vector of a qn can be expressed as:
The rest of the parameters can be expressed in the same way.
Step 3: The matrix control model is used to obtain the optimal control strategy. Step 3.1: Extract the value from vector a qn , v bm and v wn to construct matrix M 1 until all the potential probabilities are considered. Matrix M 2 can also be generated in the same way. Then, the control vector can be constructed using matrix M 1 , matrix M 2 and the departure interval, T, based on (35) . Meanwhile, the station dwell time, T s P , in the station s was randomly generated as an input, which is subject to the constraints in (34) . For example, one of the control vectors can be expressed as (37), as shown at the bottom of this page.
Step 3.2: Calculate the basic parameters by train dynamics to generate a train trajectory. The environmental parameters and the control variables of matrix M 1 , and M 2 in the control vector were used for calculation in this step. This step outputs the time sequences for multiple train control and the energy consumption without regenerative braking.
Step 3.3: Calculate the overlap time, the regenerative braking energy and the total energy consumption based on multiple train control in the same power supply section.
Step 4: Estimate whether the calculated result is the optimal one.
Step 4.1: Is the total energy consumption based on regenerative braking less than the former one (original energy consumption)? If the answer is YES, the program turns to Step 4.2. If the answer is NO, the program returns to Step 3.1.
Step 4.2: Is the system meeting the train operation constraints (the time constraint and the distance constraint) mentioned in (34) ? If the answer is YES, the program turns to Step 4.3. If the answer is NO, the program returns to Step 3.1.
Step 4.3: Have all the potential possibilities of the control vector been calculated in Step 3.1? If the answer is YES, the program turns to Step 5. If the answer is NO, the program returns to Step 3.1.
Step 5: The optimal trajectory relevant parameters and the time parameters of multiple train control are output as the final results.
Step 6: Draw graphs. END
V. CASE STUDY AND ANALYSIS
A. THE DATA OF CASE STUDY
In this paper, the data for sections from the Chongqing Metro Line 1 were used to simulate and analyze the train energy-saving strategy with the matrix discrete model, and the optimal train operation timetable was established simultaneously. The basic parameters for the trains are shown in Table 2 . This metro line has 23 stations (22 station intervals in the single direction, 44 station intervals in both directions), the operation time is 6:30-22:30 per day, the departure interval during peak hours is 390 s and one single trip from the starting station to the terminus is 38.7 km taking approximately 48 min. The characteristic curves of traction and electric braking are shown in Figure 6 . The traction force and regenerative braking force vary with the velocity. Furthermore, the traction force is divided by velocity into three stages (constant torque stage, constant power stage and variable power stage), and when the train is at a low velocity, the regenerative braking force decreases rapidly. The trains need to follow the laws of the curves in the full traction and full braking strategy. The existing data for the metro line are shown in Table 3 . In the case study, two station intervals, including three stations in one power supply section, were chosen to validate the model, and the model considered both upstream and downstream travel. The total journey time is 397.99 s, which consists of 297.99 s running time and 100 s dwell time. Moreover, the planning energy consumption and renewable energy utilization ratio for each station interval are given in Table 3 . The model in this paper focuses on the total energy efficiency.
To simplify the solution procedure, the total consumption and utilization ratio was calculated directly as shown in Table 4 , and the rest of the optimized results can also be seen in the table. The renewable energy utilization ratio is the proportion of practical regenerative energy usage parts in ideal overlap areas (complete overlap in all types). The fore-and-aft train running curves of velocity-time and velocity-distance that have been optimized by the energy saving model are shown in Figure 7 and Figure 8 , respectively.
B. COMPARATIVE ANALYSIS BETWEEN THE PRACTICAL AND OPTIMAL OPERATION
According to the analysis of train running strategy and regenerative energy usage, the optimal result can be calculated by our model. We first compared the practical data with the optimal result to prove that the proposed model has a good practicability. The specific data are shown in Table 3 and  Table 4 . From the two tables, the train total energy consumption is 45.28 kW·h by using the energy-saving timetable. Compared to the prior operating mode, this reduces the energy consumption by 4.73 kW·h. Thus, the energy saving rate is 9.46%. The recycling of renewable energy is 17.78 kW·h after optimization. Therefore, the regenerative braking energy recovery utilization ratio is 28.20%, and the growth rate is 23.74% compared to the practical one. In addition, 9.99 s of total time were saved and the optimal departure interval T was optimized to 250 s by using the energy-saving multiple train strategy.
The comparison results between the practical operation and the optimal operation are shown in Table 5 .
In Figure 8 , the curve marked as blue is the energy-saving operating curve, and the red-marked curve is the former curve. The advantage of the optimized curve is that the strategy contains less traction and cruising conditions but more coasting conditions, which can also be seen in Figure 7 . To achieve the optimal speed in the station interval, more traction force is needed. However, the additional traction force may increase the traction energy consumption in the energy saving operational mode. The method proposed in this paper balances the increased energy consumption caused by more traction force and the decreased energy consumption influenced by more efficient regenerative braking. The final result shows that the total energy consumption was reduced. One thing needs to be explained in Figure 7 : the rest of the journey time, with turnaround time between upstream and downstream, was compressed on the time axis to make for better viewing of the curve result. Table 5 shows the efficiency of the optimal operation compared with the practical operation. The time fluctuations are within 3%, which is acceptable in time scheduling. From an economic point of view, the consumption can be reduced by 4.73 kW·h per journey in two-station intervals in both directions, that is, $1.087 ($0.23 per kW·h on average). The renewable energy usage can be increased by 3.32 kW·h, which is $0.764. We can estimate the approximate total energy savings by using the basic data of Chongqing Metro Line 1. This can save $960.21 k per year, and the economic costs can be further decreased by $674.89 k per year with the use of renewable energy.
C. COMPARATIVE ANALYSIS BETWEEN DIFFERENT METHODS
After the comparison between the practical operation and the optimal operation, the superiority of our model needs to be demonstrated by comparing it to other similar models.
The trajectory and regenerative braking energy were both studied in this paper, which means the energy efficient control of a single train and the time scheduling of multiple trains were integrated into one model. The integrated model has an advantage in energy conservation compared to the single train optimization because of the regenerative energy usage. On the other hand, the integrated model does not abandon the concern of single train optimization, which makes it superior to the time scheduling model.
In similar models, the numerical examples are different, which causes differences in total energy consumption, traction energy usage and renewable energy generation. These are absolute indices. However, the renewable energy utilization ratio is a relative index, which makes it a key indicator for estimating the renewable energy utilization and energy efficiency between different models. The renewable utilization ratio can be expressed as the renewable energy divided by the traction energy consumption. The renewable energy and the traction energy consumption are both affected by a same conditions in the same model. Therefore, when different models are compared with each other based on the utilization ratio, the differences in conditions can be offset. The energy composition of a metro train is shown in Figure 9 .
Different metro lines have different conditions. Therefore, their traction energy consumptions are different. In Figure 9 , we set the traction energy consumption to 1. Although, the traction energy consumption of option B is higher than option A, the utilization of renewable energy is more efficient. In other words, option B is superior to option A in the field of energy conservation.
The comparison was made among the following models: the Energy Efficient Operation Model (EEO) [8] , the Cooperative Scheduling model (CS) [10] , the Integrated Energy Efficient Operation model (IEEO) [33] , and the Matrix Control model (MC). In Table 6 , the properties of the models have been listed. For the CS model, the operation time was solved first, and then the trajectory of a single train can be optimized based on the operation time, and the total energy consumption can be calculated. Three working conditions without the coasting stage were considered in the CS model. For the EEO model, the solution sequence is opposite to CS. The trajectory was solved first, and the operation time can be optimized later. The EEO model involved four working conditions. It can balance the efficiency between operation time and energy conservation due to the existence of the cruise stage and the coasting stage. Both the IEEO and MC models are integrated models, although their algorithms are different. The IEEO model considered the speed limit, which is the basis of dividing the station interval. Three working conditions were designed in each of the speed limit segment, but the cruise stage was excluded. For the MC model, four working conditions were considered in each of the speed limit segment in Figure 1 , and six TBP matching conditions in Figure 3 (a), (b) were established to provide more opportunities for renewable energy generation. Moreover, in the MC model, dividing the station interval into eight segments by a comprehensive working condition is a more subtle method for train control trajectory initialization.
The genetic algorithm was used widely in the field of metro energy conservation [10] , [23] , [33] - [35] . However, it is easy to fall into a local optimal solution because of its own algorithmic principle. The matrix control algorithm proposed in this paper can initialize all the possibilities using the control vectors and has a greater potential for global search ability. Although, the matrix control algorithm can obtain the global optimal solution more precisely, it costs more calculation time. From the classification point of view, the genetic algorithm and the matrix control algorithm are both intelligent algorithms, which are more convenient than numerical algorithms in the calculation process.
The data for the renewable energy utilization ratio in [8] , [10] , [33] were extracted from [8] , [10] and the comparison example of [33] . The comparison of the ratio is shown in Figure 10 .
In [33] , the author discussed the relationship between departure time and energy consumption. However, our model aims to find an optimal departure time for maximizing the regenerative braking energy utilization. The departure time range was set to 90 s -300 s in Section IV. C to expand the search space as much as possible. However, based on the constraints of energy efficiency, passenger flow and the noncollision requirement between two trains, some values of the departure times were unable to be set in this model. For example, in the Chongqing Metro Line 1, if the departure time is less than 240 s, the risk of collision will be increased. In addition, a larger departure time interval is suitable for the off-peak hours rather than the peak hours based on the consideration of passenger flow and energy efficiency [27] . Therefore, we let the algorithm find the optimal departure time in our model to demonstrate the ability of renewable energy utilization. As we can see in Figure 10 , when the matrix control model is compared with other similar models, the renewable energy utilization ratio is 28.20% (0.2820), which is much higher than the others. Moreover, this proves that the ability to optimize renewable energy utilization in the proposed model is an advantage.
In summary, the comparison between the optimal operation and practical operation shows the practicability of this model; the comparison of algorithmic principle between the genetic algorithm and the matrix control algorithm shows the novelty of our algorithm, which is proposed in Section IV. D. The comparison between different models shows that our model has a better ability to optimize renewable energy utilization and energy efficiency.
VI. CONCLUSIONS
The main purpose of this paper is to develop a mathematical approach based on the control theory of matrix and calculus to minimize energy consumption and maximize renewable energy usage. The model simultaneously considered complex operating routes composed of ramps, detours or their combination. In addition, the model improves the renewable energy utilization ratio and energy efficiency. On the foundation of the train operation characteristics and the laws of regenerative braking, the time control sequences corresponding to different control strategies were established. Simulation analysis was carried out with the data from Chongqing Metro Line 1. In the case study, total energy consumption was reduced by 9.46%, and the regenerative energy usage and the regenerative energy utilization ratio were increased by 22.96% and 23.74%, respectively. The regenerative energy utilization ratio is 28.20%, which proved to be superior among the comparison models. In addition, 9.99 s were saved and accepted in this case study. Compared to the travel time, the time deviation is small and has a minimal impact on dispatch arrangement.
Rail transit is a complicated system. More relevant aspects need to be considered in future research. These aspects include track topology, the power supply system, service quality and practical operating situations. The more factors that are considered, the more the real model can be simulated compared to the real world. The next step in our research is to consider these factors as much as possible and reduce the degree of complexity of the model on the premise of similar service efficiency. To convert the theory into practice, more tests are also needed in the practical operation of metro trains. JIXU ZHOU received the M.S. degree in mechanical manufacturing and automation from Guangxi University, China, in 2013. Since 2013, he has been with Qingdao Metro Group Co., Ltd., where he is currently an Engineer. He has authored over ten papers in journals and two invention patents and four software copyright. His research interests include automatic train control and energy saving management.
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